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In this paper, we characterize those functions that are conditionally positive
definite on Euclidean spaces R“ for all d=1, 2, .., as certain Laplace-Stieltjes
integrals. C: 1993 Academic Press, Inc.

INTRODUCTION

Let C(R9) denote the set of all continuous complex-valued functions on
R A function f & C(R“) is said to be positive on R if for any n complex
numbers c,,¢,, .., ¢, and any # points x,, X,, .., X, in R% we have

C,-_jf(.xi_x]')zo.
1

I =

~.

N agE

Let k be a nonnegative integer, and let I7,(R?) denote the set of all
d-variable polynomials of degree k& or less. A function fe C(R¥) is said to
be conditionally positive definite of order k(k > 1) on R¢, if for any n com-
plex numbers ¢,, c,, .., ¢, and any » points x,, x,, .., x, in R satisfying

Y c;p(x;)=0  forall pell,_ (RY),

i=1

we have

Y N 6 flx;—x;)=20.
i=1j=1
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We denote the set of all positive definite functions on R? by P(R9) and
the set of all conditionally positive functions of order k on R? by CP,(R?).

We recall that a function 4 defined on (0, oc) is said to be completely
monotone on (0, oc) if (—1)" ()20 for all 1>0 and m=0,1,2, ...
The well-known Bernstein-Widder Theorem [W ] asserts that a function 4
is completely monotone on (0, oc) if and only if 4 has the Laplace—Stieltjes
integral representation

h(z):fo“e*f"da(u), >0,

where a(u) is a positive Borel measure on (0, «c). Following Schoenberg
[S], we denote by .# the set of functions which belong to C[0, oc) and are
completely monotone on (0, oc).

Let x:=(x,, .. x,;)eRY denote the Euclidean norm of x by |x|, ie.,
|x| =(x?+ --- +x3)"2 1t follows from the Bernstein-Widder Theorem
that if 4 € .# then the function H(x) := h(jx|?) is positive definite on R for
all d=1, 2, .... Remarkably, Schoenberg [S] proved that the converse of
this result is true. In the same paper, Schoenberg also proved the following
result: In order that the functions H(x)= A(|x|?}) be conditionally positive
definite of order 1 on R for all d=1, 2, ..., it is necessary and sufficient that
(—1) A" be completely monotone on (0, oc ).

Schoenberg’s results find applications in a wide range of mathematics;
see Berg ef al. [BCR], Donoghue [D], and Wells and Williams [WW].

Michelli [M] proved that if #e C[0, o), and for some k=1,2, ..,
(= 1D)*A*® is completely monotone on (0, cc), then H(x)=h(|x|?)e
CP,(R¥) for all d=1, 2, ... Michelli conjectured that the converse of this
result is also true. Actually Michelli gave a simple proof of the converse for
k = 1. We note that while Michelli’s results were established in an elegant
way, the converse for the case k> 1 has remained unsettled for the last
several years. Careful examination reveals that some basic differences exist
between the case k=1 and the case kx> 1. The lack of proof for this
important case was also mentioned by Narcowich and Ward [NW].

The purpose of this paper is to give a complete proof to the converse of
Micchelli’s theorem. Thus, part of Schoenberg’s beautiful theory of positive
definite functions on metric spaces is extended to conditionally positive
definite functions. We start in Section 1 with the development of integral
representations for radial conditionally positive definite functions. The
main result is proved in Section 2. In Section 3, we point out some
distinctions between the cases k=1 and k> 1.
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1. NOTATIONS AND PRELIMINARIES

Let d be a positive integer, x = (x,, .., x;) € R and ¢ = (¢, ..., £;) e R
Let S(R?) denote the space of Schwartz class functions and S'(R“) be the
dual space of S(R?). For ¢ € S(R?), we define its Fourier transform ¢(¢)
by the formula

7 1 —ifx .
¢(f)=wfRd€ “o(x) dx,

where ¢x denotes the usual inner product on R ie., Ex=39_ | &x,. It is
well-known that if @ € S(R?), then ¢ e S(R”) and the following Fourier
inversion formula holds:

PV = s | e h(e) d.

_t
(2n)%

Also, for ¢, ¥ € S(R?), we define the inner product of ¢ and ¥

1 S
0¥ Ya= gz [ 0LV dx

The following Parseval identity holds for all ¢, i € S(R)

<(Ps lp>d= <¢’ 'ﬁ)d

Let K(R“) denote the space of all infinitely differentiable functions on R
with compact supports and K'(R“} its dual space. Following Gelfand and
Vilenkin [GV], we denote the image of K(R?) under the Fourier transform
by Z(R?), the dual space of Z(RY) by Z'(R“). An element of the spaces
K(RY), S(R%), and Z(R“) is henceforth called a test function, and an
element of their dual spaces called a distribution. We also use the notation
{T, »>, to denote the action of a distribution 7 on a test function ¢, as
no confusion is likely to occur. For Te S'(RY), we define its Fourier
transform according to the following equation

<Ta¢>d=<r’(p>d7 (PGS(R(])

For Te K'(R“), the Fourier transform T is defined as an element of Z'(R¥)
according to the equation

<i¢>d=<T7(P>d’ QDEK(RJ)-

The latter definition is justified by the well-known Paley-Weiner
Theorems; see Yosida [Y, p. 166].

640:74.3-2
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The following lemma can be verified by using standard limit arguments.

LemMa 1.1. fe CP(RY) if and only if
J '[ fix—v)ex)p(y)dxdv=0
R4 Y R4

for all ¢ € K(R?) that satisfies |1 ¢p(x) g(x) dx =0 for all ge IT, _ | (R?).

Let j=(j,,.., j;) be a nonnegative integer multi-index and denote the
differential operator d’/dx’ by D’. Let p(x)=3,, _, a,x’ be a homogeneous
polynomial of degree k. Then p(D)=3,_, a,D’ is a linear homogeneous
constant-coefficient differential operator of order k.

DEFINITION 1.2, A function f(x) in C(R¥) is called k-positive definite if

|, ] 7= 301D o)} (PIDY @03} dx dy >0

for all ¢ € K(RY) and all linear homogeneous constant-coefficient differen-
tial operators p(D) of order k.

LemMa 1.3, If fe CP.(R?), then f is k-positive definite.

Proof. This follows from the simple fact that if ¢@(x)= p(D) ¥(x) with
Y € K(RY) and p(D) a linear homogeneous constant-coefficient differential
operator of order &, then, an application of Fubini’s theorem and integra-
tion by parts show that 53:«/ ¢(x) g(x)dx=0 for all polynomials g(x) of
degree <k—1. 1

Remark 1.4. Madych and Nelson [MNT] proved the stronger result
that fe CP,(R?) if and only if f is k-positive definite. In this paper, we only
need the sufficiently part of their result which is Lemma 1.3.

The following result can be found in Gelfand and Vilenkin [GV,
Theorem 1’, p. 179].

LEMMA 1.5°. Let f be k-positive definite. Then, for any ¢ e K(R?), the
Jfollowing identity is true:
2% 1 ()
; P ),
Soovamrova=] [otr=a@) 3 2o duie)
Qo =0 J°
(ﬁ(jl(o)
it

2k
+ Z a.l'
1j1=0
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where Qo=R\{0}, and u, is a tempered positive Borel measure on Q,,
independent of ¢, such that [o_ < |1 duy(E)<oo; a(€) is a function
in Z(RY) such thar 2(&)—1 has a zero of order 2k+1 at &=0;
a,= {f, (&) &Y, for |jl <2k; the numbers a;, |j| =2k, are such that the

Hermitian form ¥ _ =« @i ;&:&, is positive definite.

For technical reasons, we need the following slightly different version of
the above lemma, which can be proved by the same argument.

LemMMa 1.5.  Let f be k-positive definite, and let a(¢)e Z(R?) be such that
w(E)—1 has a zero of order 2k at &=0. Then, for any ¢ e K(R"), the
Jollowing identity is true:

. . 2k —1 "lj)o ]
Soova=Goora=| [o01-a) T e due)
0 =0 J°
U—1 A A0Y — (0 13
SN0, s 90060
=0 J: 1) = 2k J!

where p, Is a tempered positive Borel measure on 24 such that
foe s |81 du(&) < o0; ay= <Fal(&) &y for |jI<2k: the mumbers a,,
I/l =2k, are such that the Hermitian form 3, _ ,_, a;, ;£ is positive
definite.

LemMAa 1.6, Let a;, |jl =2k, be the numbers in Lemma 1.5. Then the
following relation holds true:
D(1; 2k 0 DZj X 2k 0

0 _ v (l;l)l)( )so a)

I
1= 2k g ji = k

Proof. The equality part is obvious. The inequality follows from the
fact that for all |i| =k, a,; are nonnegative since they are on the main
diagonal of the semi-positive definite matrix (4, ;)= 1=+ |

Let w,_, be the area of the unit sphere S, , of R and let

Q,(x)= L ™ do,

Wy Sq

where do denotes the usual measure on S,_,. Then £ is radial and hence
we can write Q,(1)=1/w,_, .“Sd-»l e"“0? do, where x, is a fixed unit vector
in RY and = |x|.
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LemMma 1.7.  The following results about the function Q2 , are true:

sl (_1)1121

0 2d0=2 GHTT T+ o)

te[0, ),
(ii) lim Q,4(r/2d)=e " uniformly for t € [0, ),
d - oo
(iil) 12U <Cd, m)(1+1)" 9=V 1e(0,00),m=0,1,2,.

C(d, m) is some constant depending only on d and m.

Proof. Parts (i) and (ii) were proved by Schoenberg [S]. Part (ii1)
follows from a smooth partition of unity for §,_, and integration by parts;
see Littman [L]. |

Lemma 1.5 gives a distributional expression for k-positive definite
functions. In the proof of our main result, we need the following integral
representation of k-positive definite radial functions.

THEOREM 1.8. [f g is k-positive definite and radial on R¥, then for each
xeRY, we have

-1 (—l ! ZII’CIZI

=] (a1 ) -t 3. D E Bl ) a0

k—1 (__1)/

5 21 21t
L G @x s (& HOrDal (4)
where
L k=1 g
wr=e” T Bt
/=0 ¢°

is an increasing function on [0, ) satisfying {7 r *dB,(r)< oo, and
O =2121-2)-.-2.

Proof. Select gK(R") such that l/;(()) =1. Let 6>0. We choose
@(E)=09s(E)=e_ . A (6&) in Eq. (2). Then we have the following:

(i) lim <g,@;>,=lim {§ ¢s>,= g(x),
50 3-0

(ii) lim ¢¥(0)= (e ")V (&)|._o forallj, with |j| = o 2K,

>0
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(i) lim — ( (&) 23 "’5’;)(0) )

0 ‘E'Zk jl=0
mixd N (e &
=W[e —a(é) UEO ((e %) (5)|<=0)j_!]_

The limit in Part (iii) is uniform for [£] < 1.
Since p, is a tempered Borel measure and a € Z(R?), we see that

. ) 2k —1 ‘(11(0) ;
(iv) lim a(l) Y = duy(é)
5071521 1j1=0
f 2k —1 é/
= |fl>1a(é)||zo(e o—dﬂd(f)
(V) lim | o) dugO) =] e " duy(@)
=021 e

for every x, and [, ., e~ ¢ du,(&) is finite for each x e R?

We point out that (v) is true since
j dy(&) < oo
1€1>1

Here follows a proof of this fact. Take y(x)=06(- ) * 8(— ) for some
0 e K(R?), then ¢ > 0. Let ¢,5(¢)=y(5¢). Then we have

(0)—11m (& 05> —hm (Z I,),

where

2k —1 (1) 0
n=]_ lewo-ue 3 20
O<gf<t

1j1=0

]dud(é),
L=[  ¢s8) duy(),
jgl=1

2k =1 ()
L[ ae Y 2000,
1121 J!

=0
and I,, I; are the corresponding last two terms in (2) with ¢ replaced
by ¢,. It is easy to check that

2k—1 "(J)( )

Gs(&)— (&) X

/1=0

=< Cig*

for all {¢] <1, and some constant C independent of o.
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Therefore, I, has a finite limit as 6 -0, so do /5, /,, and /5 as can be
proved easily. Consequestly, liméﬂujIélzl @s(&) du,y(E) is finite. Since
¢,— 1 and is positive, we have

J,:m duy (&)< o

(i) Gim [ u(E)duaC) =] e M duy(@)
S0 g =1 &l =1
for every x, and {55, e """ du,(&) is finite for each xe R
From the above limit relations we see that if we choose ¢ = ¢, in Eq. (2)
and let 6 » 0%, then we get
2k -1

gx)=] (e*"“—a(i) T e ()

[/1=0

f‘,) dpy(&)

f—0
2k —1

+ 2 (& a&) e ™) (&)

li1=0 ¢=0/:
—ixZy(H E=0)— /) 0
Y ai(e )7 (E=0)—«(0)

1l = 2k J!

j!

(5)

It follows from Proposition 2.2 in [MN] that |g(x)] < M(|x|*+1) for
some M >0 and all xeRY Hence, ge S'(R?). Since Z(R") is dense in
S’(RY), it is not difficult to see that Eq. (2) still holds true for functions
a(x) and @(x) in S(RY) as long as ge S'(R?) and a(x)—1 has a zero of
order 2k at x=0. Therefore, we may choose
N k-1 x21
a(x)=e"" Z 7,
I=0 ‘
which is radial and «(x)— 1 has a zero of order 2k at x =0. The fact that
g is radial implies
1

Wy

[ &xlw)aw=g(x)).
si-1

Therefore, by Eq. (5) and series expansion of the function @, in (1)} of
Lemma 1.7, we have

e k-1 (—1)/"2/(/\"2[ B
sl = [ (240051 0—0) 3. Grirpr i) 4
k—1 (_1)/
+ (& alr) r, x|

o 2DUTTIZG (d+ 29)

(rzk)(j) (0) (—l)k |x!2k
+m>;zk @ J! <(21)”Hf:5 (d+2s)+1>
where ,Bd(r):§0<|;|gr 'é‘zk d/ld(f) for r>0.
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Let
(r) (0)

Ad: Z a r
Ul = 2k J:

Then A,=0 by Lemma 1.6. Define §,(0):=lim,_,+ fir(r)— A,. Then
f,(r) is increasing on [0, cc ), and we can rewrite Equation (6) as

_ - k—1 (_l)lr21|x|2l
g(*x“—f(, (Qd('x' N=AD ) G+ )

)r*” dB.,(r)

(—1)’
+ Z QOUTT_F (d+ 25)

(& olr)r?' ) 1x1*. (7)

Here the last term in Eq. (6) is incorporated in the integral in Eq. (7) by
the mass of df, at r=0.

By the facts that {o. <) 117 duy(&)<oo and that p, is a tempered
measure, we see that p,(r) is finite for each r>0. The conclusion
§r *dB,(r)< o follows from the fact that [, du,(&)<oco. This
finishes the proof of the theorem. {

2. THE MAIN THEOREM

THEOREM 2.1. Given a continuous function f(t) on [0, +x), let
g(t) = f(1*). The following two statements are equivalent.
(a) g(lx|)e CP.(RY) for all positive integers d.
(b) F"Nt) exists for all positive integers m and all te (0, + o), and

Sfurthermore, (— 1) f*)(1) is completely monotone on (0, + ).

Remark 2.2. (b)=>(a) was proved by Micchelli [M ] and the case k =1
of the part (a)=-(b) was done by Schoenberg [S].

We need to establish several lemmas, which require 4 be relatively large.
But for the convenience of presentation, we take d =8k + 1.

LEMMA 2.3. Let g be k-positive definite and radial on R®* *'. Then for
each positive integer m with 0 < m <k, g™t} exists and satisfies

g™ (DS Cm)(1+1t % +17*),1€(0, +0), (8)

where C(m) is a constant depending only on m.
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Proof. We will use the same letter C to stand for different constants
depending on m. Here we give the proof only for 0 <m < 2k. The case
2k <m <4k can be treated in the same way.

In Eq. (6), we replace |x| by . Then from Part (iii) of Lemma 1.7, we
have |g"(t)] < C(1+t¥* ™) for te[1, + ). So, Inequality (8) will be
proved if we can show that | g""(1)| < Ct~* for t€ (0, 1). For this purpose,
we write

. _ ]dm k-1 (_l)erIlllzl B
gm0 =] G (2utm—an) 3 G s ) s

= gm k—1 (_1)/ 7/,2/ ok
+] dt"’( A =aln) L SR (d+2s))’ dBalr)

+f’1(kz ) (g afr) ¥y z”)
am \ & QDN T, (d+25) % 4

=1|+12+[3.

It is easy to see that |/,| < C, and |I;] € C for t€(0, 1). To control 7, it
suffices to control

R ,
| o a0 7 dptr).

By Part (ii1) of Lemma 1.7 again, we have for, re(0, 1),

w ,
T a1 B < C [ (r) e dBir)
=Co [T gg (<ot
1
LEmMMA 2.4. Let g be as in Lemma 2.3 and let f(t)= g(¢t'?). Then for

0 < m <4k, we have

| /@) S Com) (1417 + 1) 9)

Proof. Write f(t*)= g(t). Then Inequality (9) follows from Lemma 2.3
with a simple calculatlon |

The following lemma can also be verified by a simple calculation which
we omit.
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LEMMA 2.5. Let f and g be functions of t such that g(t) = f(1*). Assume
that fe C*[0, +ac). For d=1,2, .., xeR? let t=|x|. Denote f(s)|,_,
as f(t%). Then, for each positive integer |,

24

(4')(1x)) = 2d)' fO2) + 1 g;(d, ) V), (10)

o
where for each 1 <m <21, g,(d, 1*) satisfies

lg;(d, £2)/(2d) | < C(1* + 1),
where C; depends only on m.

From Egs. (9) and (10), we get the following important estimate.

LEMMA 2.6. Let g be k-positive definite and radial on RY for all integer
d. Then, for 0<1<2k, xe R, and d =8k + 1, we have

‘(A’g)(lxl)

< —12K | |6k,
(2d)! C(1+[x] 775+ [x[™)

where C, can be chosen to be independent of the space dimension d.

LemMMa 2.7. Let g be as in Lemma 2.6, and
k—1 r2.l
ary=e " ;0 e

Set

rZI

2 (r)=ot( 4 )=e’(’2'2‘”kil e,
/ J/2d = 12’

Then, for each integer 1,0< 1<k —1, the following numerical sequence is
bounded:

1

{@‘)7 (g,a,(r)r>;d=1,2, }

Proof.

1 X (ryr?>, = 1 <’,21kil r g efrz‘/2d>
(2d) ~= 7 TN S d) a
d’? (=D AR
MJ’ L e~ 4N gy
M | S jl2d)

=k—l dd/’de‘l Joo (_.1)1+j A’”g(r) 7dr2¢"2r,(1*1 dr
& ek (2d)™+/ '
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Note that /+ j<2k. So by Lemma 2.6, it suffices to show

dd"“‘z(l)/ L
d— — k —drdi2 d—
=G fo (141 %4 r%) o P20 gr <M < o0

for all d= 12k + 1.
Using the change of variable (d/2) r* =1, we get

d%w, | 1 (2\9 0= 2\ % 2 \® ‘
F,=——d4-1_[Z 1 < ot 2]
‘= ) 2<d> l ( +(d’> +<d’> ) e

1 2\ o d 2\ d
=r(1/2)<r(g>+(2?> r<5—6k>+<2> r(5+3“>' (1
Here we used the formula

22

YT any

We see immediately from Eq. (11) that 7, is uniformly bounded for all
dz12k+1. |

We are now in the position to prove the main theorem.

Proof of Theorem 2.1. We only need to show that (a) implies (b). Since
ge CP,(RY) implies that g is k-positive on R¢, g has the integral represen-
tation as in Eq. (4). Now we choose ad(r)=oz(r/\/2—cl) to replace x(r) in
Eq. (4). Then, at x=0, we have

80)= | (1=, (r) ™ dB(r) + (& tulr) (12)

By Lemma 2.7, we see that

- , = ed, 2d
[ a—anrdn=] (1-arnr —ﬁ‘;—;%)iﬁ—

is uniformly bounded for all d.
Recall that
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[t is easy to check the following properties of a(r):

(1) 1—a(r)=200n[0, +oc),
{it) m(i)n [(1 —afr))r **]>0,
re{0,1)

(iil) min (1 —afr))>0.

rel, +ao)

It follows that both

- dBulr /2d “ adBatr /2
JO (2d)k and jl ro2 (2d

are uniformly bounded for all d. Helly’s compactness theorem (see [Z,
p. 137]) insures the existence of a nonnegative and nondecreasing function
B(r), and of a subsequence of {B,(r \/Zi)/(2d)"} converging to the func-
tion B(r) on [0, +oc) at all points of continuity of p(r). Consequently,
[ r 2 dp(r)< oc.

We claim that for 1€ (0, + w0),

” ) k-1 (| )/ 22 k-1
g(n=| ( ol ¥ ) TEdp(+ Y at, (13)
0 =0 =0
where g, are some constants for /=0, 1, ., k— 1.
Once Eq. (13) is established, it is clear from the relation /(%) = g(¢) that

x , k=L (1) P2y k-1
f(t)=_[ <e""~—cx(r) y ~——l‘———) “Rdp(ry+ Yt

0 =0 : =0
Hence, /(1) exists for each m>1 and 1€ (0, + o), and (—1)*f%(1) is
completely monotone on (0, + o). So, in order to prove the theorem it
remains to verify Eq. (13).

Returning to Eq. (4) with «(r) replaced by «,(r), we have, for

te (0, + o),

B e k~1 ( )irZIIZI e
g=] (2um -2, ¥ ) A

k—1 (__1)1

QONTTL Y (d+ 2s )<g, a (r)r¥ >y, (14)

+

By Lemma 2.7, we may assume (passing to a subsequence if necessary) that

(-1
CONTTZL (d+ 25)

<ga (Xd()‘) "21>d—* a,
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for some finite number a,. Thus it suffices to show that for any fixed
te (0, + o), there is a subsequence of {d}7_, such that as d— oo, the
integral

J" (.Qd (tr \/—6—1) (-1~ 2[(2d) )r'z" dPalr /2d) \/Zi)

(21)” ITi20 (d+2s) (2d)*

converges to the integral

[(mn 5, ) e

Without loss of generality, we may assume that the whole sequence of
dB.(r /2d)/(2d)* converges to B(r) on [0, +o0) at all points where the
function f(r) is continuous. Set

k—1 — 1Y P2 2024
Ar)=84( tr\/_d)—ar)z 25 ”1_)_11 ((d+)25)

and

—1 )/ 21t2/

h(ry=e " —a(r) Z

In order to prove the above limit relation, we need only to show that for
every ¢ >0, there is an N, > 0 such that

d, 2d)
jo ha(r)r *zk—-—ﬁﬁ“(g/ j hiryr=* dp(r)| <e (15)

for all d= N,. Here N, depends on ¢ and the fixed ¢
Using Part (i) of Lemma 1.7 and the fact that

/
(2d) —»l as d- o0,

QIMTTZL(d+2s) I

we see that lim,,_, . h,(r) r~2, uniformly for re [0, 1]. Also, from Part (ii)

of Lemma 1.7, it is easy to check that lim,_, .. A,(r)=h(r) uniformly for
re[1, +o0). Since both

f‘dﬂd(r\/ﬂ! and f‘x _wdBalr /2d

o (2d) TQay
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are uniformly bounded for all 4, it follows that for the given ¢ > 0, there is
an N, >0 such that

= e dBalr/2d = dBu(r/2d)| &
J, hatrr 2RSS Th T <3 a6)

4
foralld=N,.
Note that for the fixed 1€ (0, + o0), lim, _,  A(r) =0, we see that there is
an M >0 such that

= 2d)
L h(r)r‘z"dﬂd((‘;d% ‘ 2 (17)

for all R= M and d>= N,. By taking limit in Inequality (17), we get

(F h(r) r =2 dpery| <&, (18)

for all R= M.
In Inequalities (17) and (18), if we choose R to be a point of continuity
of B(r), then the Helly’s Theorem implies

: K w4 d) (% -2
dlin; . h(ryr—2 ﬁdzd\)/k— —j h(r) r=2* dp(r).

Hence, for the given &> 0, there is an N, > 0 such that

JHR h(r)’.VZk dﬂd(r\/—;, J'R ( —2k dﬂ(r) (19)
0 0

T (d)F

&
=4

for all d= N,.

Thus, Inequality (15) follows from Inequalities (16), (17), (18), and (19)
by choosing N,=max{N,, N,}. This verifies Identity (13), and therefore
the proof of Theorem 2.1 is complete. |

3. CONCLUDING REMARKS

There are some intimate relationships between positive definite functions
and conditionally negative definite functions of degree 1 (a function f is
called conditionally negative definite of degree 1 if —f is conditionally
positive definite of degree 1). We refer to [BCR, Chap. 3] for a beautiful
illustration of these results. It is very natural to expect that similar rela-
tionships exist between conditionally positive (negative) definite functions
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of degree k and degree k + 1 for k> 1. Unfortunately, the attempt was in
vain since there are counter-examples. By direct differentiation, one can
show the well-known result that if fe.# and if ge C[0, oc) and g’ is com-
pletely monotone on (0, c0), then f- ge . #; see Sun [SX, p.23]. In par-
ticular, for such function g and a number a > 0, the function ¢~ “ belongs
to .#. Using this remarkable result, Schoenberg [S] characterized the class
of functions which are conditionally negative definite of degree 1 on all the
Euclidean spaces R¢ d=1,2,... (Schoenberg did not use the phrase
“conditionally negative definite,” but his “imbedding” language carries the
same meaning). This naturally leads us to consider the following general
setting: If fe.# and ge C[0, «) such that g'*) is completely monotone on
(0, ¢ ), then A¥ =V is completely monotone on (0, oc) for A= f- g. Unfor-
tunately, this is not true even for k = 2. In fact, for f(t)=¢ "/, and g(¢) = ¢°,
with 1 <a <2, we have fe.# and g'¥ is completely monotone, but #’ is
not completely monotone for A= /- g.
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